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We study the implications of recent lattice QCD results for the magnetic field dependence of the
quarks dynamical masses on the ’t Hooft determinant extended Nambu–Jona-Lasinio Model in the
light and strange quark sectors (up, down and strange). The parameter space is constrained at
vanishing magnetic field, using the quarks dynamical masses and the meson spectra, whereas at
non-vanishing magnetic field strength the dependence of the dynamical masses of two of the quark
flavors is used to fit a magnetic field dependence on the model couplings, both the four-fermion
Nambu–Jona-Lasinio interaction and the six-fermion ’t Hooft flavor determinant. We found that
this procedure reproduces the inverse magnetic catalysis, and the strength of the scalar coupling
decreases with the magnetic field, while the strength of the six-fermion ’t Hooft flavor determinant
increases with the magnetic field.
PACS numbers: 11.30.Qc,11.30.Rd,12.39.Fe,14.65.-q,21.65.Qr,75.90.+w
I. INTRODUCTION
The effect of strong magnetic fields in strongly interact-
ing matter plays a very important role in several physical
contexts such as in heavy ion collisions [1–3], in astro-
nomic compact object like magnetars [4, 5], and in the
first phases of the early universe [6, 7]. Quantum chromo-
dynamics (QCD) is the theory of the strong interaction
between quarks and gluons whose phase diagram have
been widely studied by lattice QCD (LQCD) simulations
and in the context of effective models also in the presence
of magnetic fields (see [8] for a review).
At zero temperature, and in the presence of magnetic
fields, LQCD and the vast majority of effective models
predict magnetic catalysis, which is the increment of the
chiral order parameter, the light quark condensate, as
the magnetic field, B, increases. This phenomenon is
originated by the dominant contribution of the lowest
landau-level [9]. Nevertheless, at finite temperature and
magnetic field, apart from few exceptions, for example
Ref. [10], without the insertion of additional mecha-
nisms, most effective models fail to predict inverse mag-
netic catalysis (IMC), contradicting LQCD results, where
the pseudocritical temperature for the chiral symmetry
restoration decreases as B increases [11–13]. Possible rea-
sons for this discrepancy have been given in Ref.s [14–17].
Particularly, in Ref. [16], it was argued that IMC comes
from the rearrangement of the Polyakov loop induced
by the coupling of magnetic field with the sea quarks.
This kind of backreaction of the Polyakov loop was imple-
mented in the entangled Polyakov–Nambu–Jona-Lasinio
(EPNJL) model [18], where the scalar coupling of the
Nambu–Jona-Lasinio (NJL) model [19] is a function of
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the Polyakov loop. Even though this model by itself
also fails to reproduce IMC, in Ref. [20], it was shown
that if the pure-gauge critical temperature T0 is fitted
to reproduce LQCD data [11], then the EPNJL model
reproduces IMC. Later, it was argued that IMC can be
reproduced by mimicking asymptotic freedom, which is
absent in many effective models and it is one of the most
important characteristic of QCD. For instance, in Ref.
[21], the scalar coupling G(B) of the SU(3) version of the
NJL model, was fitted to reproduce the LQCD pseud-
ocritical temperatures for the chiral transitions, Tc(B).
In Ref.s [22, 23] the scalar coupling is also made explic-
itly temperature dependent by fitting it to reproduce the
LQCD quark condensate [11]. More recently, in Ref. [24],
the constituent quark masses were calculated as a func-
tion of the magnetic field, B, using LQCD simulations
and then the coupling G(B) was set to reproduce those
constituent quark masses. It is important to remark that
this new way to set G(B) was made within the SU(2)
version of the Polyakov–Nambu–Jona-Lasinio model us-
ing the proper time formalism.
In the present paper we aim to apply the method pro-
posed in [24] to the more laborious SU(3) version of the
’t Hooft extended NJL model (which will henceforth be
referred to as the NJL model), where now, due to the ’t
Hooft six fermions interactions that appear in the model,
we have to set two couplings, the scalar coupling, G(B),
and the six fermions coupling, κ(B)1. Also, in this appli-
cation we consider the more general non-degenerate case
mu 6= md 6= ms. We are particularly interested in the be-
havior of κ, since in previous applications of the ’t Hooft
1 It is interesting to note that, motivated by phenomenology ar-
guments, a temperature [25] and a density dependence [26, 27]
of κ, in the form of decreasing exponentials, were already pro-
posed in order to achieve an effective restoration of axial UA(1)
symmetry.
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2extended NJL model, this coupling was kept independent
of the magnetic field.
For the fit of the parameters we follow the procedure:
first we fit the six parameters of the model, Λ, G, κ, mu,
md and ms at T = B = 0; then, at B 6= 0 the couplings
G and κ are set to reproduce Md and Ms magnetized
constituent quark masses respectively, calculated in [24],
while the other parameters are kept B independent. The
other constituent quark mass, Mu, is an output in our
procedure.
The present paper is organized as follows. In Sec. II
we present the SU(3) ’t Hooft extended NJL model. In
Sec. III we fit the parameters of the model to reproduce
LQCD results [24] and we present the respective analysis
of our results. Finally, in Sec. IV we draw our conclusions
and final remarks.
II. THE MODEL
A. ’t Hooft extended NJL model
The SU(3) version of the NJL model is given by the
Lagrangian density [28],
LNJL =ψf
[
/D
µ − mˆc
]
ψf + Lsym + Ldet
(1)
in which the quark sector includes scalar-pseudoscalar
and ’t Hooft six fermions interactions that models the
axial UA(1) symmetry breaking, with Lsym and Ldet be-
ing [28]
Lsym =G
[(
ψfλaψf
)2
+
(
ψf iγ5λaψf
)2]
,
Ldet =κ
{
detf
[
ψf (1 + γ5)ψf
]
+ detf
[
ψf (1− γ5)ψf
]}
, (2)
where ψf are the quark fields with f = u, d, s, mc =
diagf (mu,md,ms) is the quark current mass matrix, λa
are the Gell-Mann matrices and G and κ are coupling
constants.
In the mean field approximation de effective quarks
masses are given by the gap equations Mu = mu −G〈ψuψu〉 − κ〈ψdψd〉〈ψsψs〉Md = md −G〈ψdψd〉 − κ〈ψuψu〉〈ψsψs〉
Ms = ms −G〈ψsψs〉 − κ〈ψuψu〉〈ψdψd〉
(3)
where the condensates are
〈ψfψf 〉 = −4Mf
∫
d4p
(2pi)
4
1
p24 + p
2 +M2f
(4)
B. Inclusion of temperature, chemical potential
and background magnetic field
The inclusion of the effect of a finite magnetic field at
Lagrangian level is done by replacing Lagrangian (1) by,
L = LNJL − 1
4
FµνF
µν (5)
where Fµν is the electromagnetic field tensor. The cou-
pling between the magnetic field B and the quarks is
now inside the covariant derivative Dµ = ∂µ − iqfAµEM ,
where qf is the quark electric charge, AEMµ = δµ2x1B is
a constant magnetic field, pointing in the z direction and
Fµν = ∂µA
EM
ν − ∂νAEMµ .
At mean field level, the extension to take into account
the medium effects of finite temperature and/or chemical
potential can be done in the usual way by replacing the p4
integration by a summation over Matsubara frequencies
p4 → piT (2n+ 1)− iµ∫
dp4 → 2piT
+∞∑
n=−∞
. (6)
The inclusion of the effect of a finite magnetic field can be
viewed as the substitution of the integration over trans-
verse momentum, with respect to the direction of the
magnetic field by a summation over Landau levels (de-
noted by the index m) averaged over the spin related
index, s: ∫
d2p⊥
(2pi)
2 →
2pi |q|B
(2pi)
2
1
2
∑
s=−1,+1
+∞∑
m=0
,
p2⊥ → (2m+ 1− s) |q|B. (7)
Here we have taken the direction of z-axis as to coincide
with that of the magnetic field such that
−→
B = Bzˆ
The medium part as well as the non magnetic field
dependent at vanishing chemical potential (the standard
vacuum part) are regularized using a 3-dimensional cutoff
on the spatial part of the momentum integrals whereas
the magnetic field dependent contribution at vanishing
temperature and chemical potential is done as in [29–31].
III. FITTING LQCD RESULTS
As stated previously, the main purpose of this paper is
to explore the consequences of the magnetic field depen-
dence of the dynamical masses of the light sector quarks
(Mf (B), f ∈ {u, d, s}) as reported in [24] (at vanishing
temperature and chemical potential) in the framework of
the NJL model (for convenience these values are listed in
Table I). We chose to split this procedure in two steps:
1. fix the values of G, κ and Λ and the current masses
(mf , f ∈ {u, d, s}) at vanishing magnetic field
strength;
32. use the values of two of the dynamical quark masses
at finite magnetic field strength to fit the cou-
pling strengths of the interactions thus introduc-
ing a magnetic field strength dependence on them
(G (B) and κ (B)) while keeping Λ and mf fixed.
A. Fits at vanishing magnetic field
There are six degrees of freedom in our fit: current
masses, coupling strengths and cutoff. Three of these
should be fixed using the dynamical masses (through Eqs.
3) as the main idea behind this paper relies in taking at
face value the LQCD values for Mf . Let us think of
the coupling strengths and cutoff as being fixed by these
conditions. That leaves us with the choice of the three
current masses.
Naively one could expect to be able to fit these using
the mass of some of the lightest pseudoscalar mesons. As
the NJL model, by construction, relies in the relevance
of chiral and axial symmetry breaking (spontaneous and
explicit in the case of the former and explicit, through the
’t Hooft determinant, in the case of the latter) using the
pion, kaon and eta prime meson masses seems the obvious
choice. Some other reasonability criteria, such as the size
of the cutoff and the sign of the coupling strengths (or
more precisely its consequences in the obtained meson
spectra), will however come into play.
Let us start by fixing the charged pion and kaon to
their physical values fitting mu and md and leaving ms
as a free parameter. In Figs. 1 the results of the fit are
presented. A negative coupling constant for the ’t Hooft
determinant is only obtained for strange quark current
mass above a critical value of ms > 0.180 GeV.
As can be seen in Figs. 2(a) at positive κ (ms <
0.180 GeV) one of the neutral light pseudoscalars be-
comes lighter than the pion. Below a critical value of
the strange quark current mass (ms < 0.163 GeV) it be-
comes massless and, as can be seen in Fig. 2(b), gains a
finite decay width. As can be seen in Fig. 2(c), the de-
cay width of the η′ meson vanishes for the choice of ms
corresponding to vanishing κ (see Fig. 1(b)) which also
results in degenerate pi0 and η. These positive κ scenarios
are unphysical and avoiding them results in a maximum
value of the cutoff Λ < 0.414 GeV as can be seen in Fig.
3.
A simultaneous fit of Mpi, MK and Mη′ could not be
achieved in the preformed scan (which already goes into
unreasonably low values of the cutoff as can be seen in
Fig. 1(c)). It should be noted, however, that raising the
value MK enables us to reach the physical value of Mη′ .
In Fig. 4 one can see the dependence of the cutoff, eta
meson mass and eta prime decay width on the choice of
mass for the kaon, while keeping the pion and eta prime
meson masses at their experimental values. In Tables II
and III some parameter sets resulting in cutoffs of 0.500,
0.600, 0.700 GeV are presented as well as a set which
reproduces the physical values of the masses of pion, eta
prime and eta mesons.
B. Fitting the magnetic field dependence
For the second point, pertaining the magnetic field de-
pendence, we kept the cutoff (Λ) and the current masses
(mf ) fixed while fitting the couplings strengths, which
thus gain a magnetic field dependence (G(B) and κ(B)),
using two of the dynamical masses. The results pre-
sented here were obtained by fitting the down and strange
quarks dynamical mass. The magnetic field dependence
of the dynamical mass of the up quark can therefore be
used as one of the criteria to check the adequacy of the
several scenarios.
The results of the magnetic field dependent fit of the
couplings can be seen in the Figs. 5 and Table IV. The
split between Mu and Md is smaller for our parameter
sets (see Fig. 5(a)) and starts to deviate markedly for
larger fields. This larger deviation appears however to
be related to regularization effects as it occurs for larger
magnetic field strengths when we move to higher cutoffs.
These regularization effects are also patent when consid-
ering the dependence of the couplings (see Figs. 5(b) and
5(c)). There is a clear onset of a deviation from the be-
havior that is observed at lower magnetic field strengths
which occurs at smaller field strengths for smaller cutoff.
For the sets with larger cutoff (sets c and d) the behavior
is approximately linear with a decreasing positive G as a
function of the magnetic field and an increasing contri-
bution coming from the ’t Hooft determinant interaction
as we see a negative κ increasing in absolute value.
Recent LQCD simulations [11, 12] have shed light into
an interesting interplay of temperature and magnetic
field concerning chiral symmetry. On the one hand they
point to a decrease in the critical temperature for chi-
ral (partial) restoration with increasing magnetic field
strength, while on the other hand, when looking at the
change in the renormalized chiral condensate due to the
magnetic field, the LQCD estimates point to an increas-
ing condensate with magnetic field strength for tem-
peratures well below the critical temperature for chiral
restoration, a decrease well above said temperature and
a non monotonic behavior close to that temperature (an
increase followed by a decrease): the inverse magnetic
catalysis phenomenon.
This variation of the magnetic field dependence of the
renormalized chiral condensate change at different tem-
peratures is depicted in Fig. 6 (LQCD data taken from
[12]) and 7 (the results obtained with the parameter sets
from Table II). The quantity displayed in Figs. 6(a) and
7 is given by:
Σi (B, T ) =
2mi
M2piF
2
pi
(〈ψi (B, T )ψi (B, T )〉 − 〈ψi (0, 0)ψi (0, 0)〉)+ 1,
∆Σi (B, T ) = Σi (B, T )− Σi (0, T ) . (8)
4Table I. Dynamical mass of the light sector quarks (Mf ) as a function of the magnetic field strength (B) [24] as well as the
errors in their estimations (σMf ).
eB [GeV2] Mu [GeV] σMu [MeV] Md [GeV] σMd [MeV] Ms [GeV] σMs [MeV]
0.0 0.3115047 8.900894 0.3116843 8.852091 0.5500066 15.88578
0.1 0.3272839 17.06525 0.2933519 14.70449 0.5246419 23.01390
0.2 0.3341793 20.73042 0.2799108 17.68701 0.4999245 27.28394
0.3 0.3348220 19.81968 0.2695186 17.65552 0.4776900 26.89854
0.4 0.3301029 18.31746 0.2611673 17.98711 0.4568607 28.97203
0.5 0.3194990 20.62144 0.2581306 19.89098 0.4369001 34.67607
0.6 0.3037266 28.12296 0.2595464 24.61544 0.4163851 40.79873
0.7 0.2859020 34.44003 0.2607701 29.56910 0.4029641 44.11870
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Figure 1. Coupling strengths and cutoff dependence on the choice of strange quark current mass and a fit to reproduce the
physical masses of the charged pion and kaon.
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Figure 2. Pseudoscalar meson masses dependence on the choice of strange quark current mass in Fig. 2(a). The lightest
solution drops below that of the pion for κ > 0 (which happens for this fit for ms < 0.180 GeV) and goes to zero below the
critical value of ms = 0.163 GeV. The imaginary part of the pole of the propagator (for a given meson X the pole is located
at MX − ı2ΓX , with ΓX corresponding to the decay width) is presented for the η meson in Fig. 2(b) (finite for the massless
solution) and for the η′ in Fig. 2(c). It is noteworthy that the decay with for the η′ vanishes for κ = 0, when it is degenerate
with pi0.
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Figure 3. Dependence of the coupling strength of the ’t determinant interaction on the cutoff imposing both the pion and kaon
masses on the physical values.
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Figure 4. From left to right the dependence of the cutoff, mass of the eta meson and decay width of the eta prime on the choice
of kaon mass while keeping the pion and eta prime meson masses fixed to their experimental values (all in GeV).
Table II. Parameter sets obtained fitting the dynamical masses of the quarks to the values reported in [24], the mass of the
pion (Mpi± = 0.140 GeV) and the eta prime mesons (Mη = 0.958 GeV) at vanishing magnetic field strength. Sets a, b and c
were chosen so as to have a cutoff of 0.500, 0.600 and 0.700 GeV respectively. Set d is chosen so as to reproduce the eta meson
mass Mη = 0.548 GeV.
mu [MeV] md [MeV] ms [MeV] G
[
GeV−2
]
κ
[
GeV−5
]
Λ [GeV]
a) 7.06242 7.19017 196.403 14.2933 -409.947 0.500000
b) 5.89826 6.01442 180.450 9.47574 -149.340 0.600000
c) 4.99322 5.09877 165.328 6.77511 -63.7862 0.700000
d) 4.75221 4.85464 160.820 6.17046 -50.1181 0.731313
Table III. Kaon and eta meson masses along with the eta prime decay width for the sets listed in Table II.
MK± [GeV] Γη′ [MeV] Mη [GeV]
a) 0.543936 0.205968 0.512422
b) 0.557196 0.222571 0.530023
c) 0.568573 0.224593 0.544170
d) 0.571768 0.223918 0.548000
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Figure 5. Results of the magnetic field strength dependent fit of the couplings: G(B) and κ(B). In 5(a) the magnetic field
dependence of the dynamical masses of the quarks [24]. The fit is done by imposing the reproduction of the LQCD results
for Md and Ms, as such, Mu is an output. In increasing thickness the full lines labeled Mu correspond to Λ = 0.500 GeV,
0.600 GeV and 0.700 GeV (sets a, b and c in Table II) whereas the thick dashed line corresponds to the choice of cutoff which
reproduces the eta meson mass Mη = 0.548 GeV (set d in Table II). All sets reproduce the pion and the eta prime masses.
Here Fpi is the pion decay constant (Fpi = 86 MeV for
the LQCD data and Fpi = 77.088, 87.7928, 96.8062 and
99.3428 MeV for sets a, b, c and d from Table II), Mpi
the pion mass (Mpi = 135 GeV for the LQCD data and
Mpi = 140 GeV for our sets) and i is the flavor of the
quark.
As can be seen in Figs. 7 the behavior is well repro-
duced qualitatively by our parameter sets. It should be
noted however that while on the LQCD data the non-
monotonic behavior (the bump) is more marked just be-
low the pseudocritical transition temperature for partial
chiral restoration in the light sector (Tχlc = 0.158 GeV
for the LQCD data), in our case this behavior occurs for
lower temperatures. The pseudocritical temperatures for
our sets (determined as the inflexion points of the av-
erage light quark condensates) are Tχlc = 0.170, 0.175,
0.180 and 0.182 GeV for sets a, b, c and d from Table II
respectively. The marked bump occurs in ours sets for a
temperature around half the pseudocritical temperature
or even slightly lower. There is also a small decrease for
lower magnetic fields which is not observed in LQCD data
points and which is more pronounced at larger cutoff.
The decrease in the pseudocritical temperature for par-
tial chiral defined by the inflection point in the average
light quark condensate
d2
dT 2
1
2
(〈ψuψu〉+ 〈ψdψd〉)∣∣∣∣
T=T
χl
c
= 0 (9)
is depicted in Fig. 8(b) where one can see that the tem-
perature is larger and its behavior becomes more linear
for larger cutoffs. The decrease of the critical tempera-
ture with increasing magnetic field strength is however
much more pronounced in our model calculations. As
one can see in Fig. 8(b) by eB = 0.7 GeV2 the critical
temperature has dropped to a value which is approxi-
mately half of its value for vanishing field while, for the
same magnetic field strength, LQCD show a reduction of
only ∼ 10% approximately. It should also be noted that
while for larger cutoff an approximate linear response to
magnetic field is obtained in our model, for the LQCD
simulation the slope changes with magnetic field, hinting
at an inflexion point.
One should stress that both, the magnetic field depen-
dence of the pseudocritical temperature for partial chiral
restoration as well as the temperature dependence of the
magnetic field change induced renormalized chiral con-
densate, are easily modified by considering further ex-
tensions of the model such as the inclusion of a Polyakov
potential which mimics gluon dynamics and would mod-
ify the finite temperature aspects of the model. Also the
idea that extensions of the model to include higher order
interaction terms, for instance as in [32–36], or go be-
yond mean field corrections as in [37–40], could possibly
fix these issues and deserves to be explored.
IV. CONCLUSIONS
In this work we have studied the implications of the
magnetic field dependence of the dynamical quark masses
on the up, down and strange sectors (as reported in
[24]) by using the ’t Hooft extended Nambu–Jona-Lasinio
model. Our study can be broken down into two separate
steps:
• at vanishing magnetic field we developed four pa-
rameter sets, all of which reproduce the pion and
the eta prime physical meson masses as well as the
vacuum dynamical masses of the quarks; for three
of them we imposed a choice of cutoff whereas for
the remaining set we chose to reproduce the eta
7Δ(Σ u+
Σ d)/2
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Figure 6. Renormalized chiral condensate change with magnetic field at different temperatures as given by LQCD calculations
[12] displaying the behavior known as inverse magnetic catalysis. The chiral condensate dependence on the magnetic field
strength is qualitatively different for temperatures depending on its relation to the chiral transition temperature, Tχc . For
temperatures well below Tχc it increases monotonically with B (slope decreases with increasing temperature) whereas for
temperatures well above Tχc it decreases monotonically (slope increases with temperature). Close to the transition temperature
it exhibits a non-monotonic behavior with a local maxima.
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Figure 7. Renormalized chiral condensate change with magnetic field at different temperatures as given by our model calculations
for sets from Table II.
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Figure 8. Pseudocritical temperature for the partial restoration of chiral symmetry in the light sector. On the left-hand side the
LQCD results reported in [11] whereas on the right-hand side the results obtained with our model are presented. On the latter,
the full lines in increasing order of thickness correspond to: Λ = 0.500 GeV, 0.600 GeV and 0.700 GeV. The thick dashed line
corresponds to set d in Table II which reproduces Mη = 0.548. All sets reproduce Mpi = 0.140 GeV and Mη′ = 0.958 GeV.
meson mass.
• at vanishing magnetic field we used the variation in
the down and strange quarks dynamical masses to
fit the coupling strengths of the model interactions
(G(B) and κ(B) for the NJL four-quark interaction
and the ’t Hooft flavor determinant six-quark inter-
action respectively) while keeping the other param-
eters frozen at their vacuum value. Then, we stud-
ied the inverse magnetic catalysis phenomenology
having arrived at an acceptable qualitative agree-
ment with LQCD data both for the decrease in
the pseudocritical temperature for the partial chi-
ral symmetry restoration in the up and down sector
with increasing magnetic field as well as the differ-
ent magnetic field dependent behaviors at different
temperatures.
We found for the four-fermion coupling, G(B), an overall
similar behavior to the ones reported in previous works.
Regarding the six-fermion ’t Hooft coupling, κ, our re-
sults showed that the absolute value of κ increases as B
increases. To our knowledge this is the first work with
a six-fermion ’t Hooft flavor determinant running with
the magnetic field. We also verified that the obtained
parameter sets, as well as their magnetic field dependen-
cies, show promising results which can be easily applied
to further studies, for instance, the Polyakov loop dy-
namics (see [41–52]). This same procedure can also be
applied to any new LQCD data as well as for different
regularization procedures.
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